Introduction {#Sec1}
============

Gauge fields originated from classical electromagnetism, and have become the kernel of fundamental physics after being extended to non-Abelian by Yang and Mills^[@CR1]^. Apart from real gauge bosons, emergent gauge fields in either real^[@CR2]^ or parameter spaces^[@CR3],[@CR4]^ have recently been widely used to elucidate the complicated dynamics in a variety of physical systems^[@CR5]^, including electronic^[@CR6],[@CR7]^, ultracold atom^[@CR8]--[@CR10]^, and photonic^[@CR11]--[@CR31]^ systems. The geometric nature^[@CR32]^ of gauge theory makes it a powerful tool for studying the topological phases of matter^[@CR33]--[@CR36]^.

The concept of emergent gauge fields has offered us new insights in optics and photonics, such as the manifestation of the gauge structure (Berry connection and curvature) in momentum space^[@CR11]--[@CR16]^. Artificial gauge fields realized by breaking time reversal symmetry with magnetic effects^[@CR17]--[@CR19]^ or dynamic modulation^[@CR21]--[@CR23]^ have given rise to new paradigms for controlling light trajectories in real space. Even for time-reversal-invariant systems, a pair of virtual magnetic fields---each being the time-reversed partner of the other---can be generated using methods, such as coupled optical resonators^[@CR20]^, engineering lattices with strain^[@CR24],[@CR25]^, or reciprocal metamaterials^[@CR26]--[@CR30]^. However, except for a few works revealing the non-Abelian gauge structure in momentum space^[@CR13],[@CR14],[@CR16]^, all of these schemes of synthetic gauge fields in real space are restricted to the Abelian type.

Recently, anisotropic metamaterials were used to manipulate light through artificial Abelian gauge fields^[@CR27]--[@CR30]^. It was demonstrated that the off-diagonal components of permittivity and permeability appear as a pair of "spin-dependent" vector potentials in the two-dimensional (2D) wave equation for certain anisotropic media. Though the material parameters are subjected to strong restriction in this scheme, the internal pseudo-spin degree of freedom implies the possible generalization to a synthetic non-Abelian gauge field theory for light by coupling the spin-up and spin-down states.

In this work, we discover that the transport of optical waves in a wide class of anisotropic media can be associated with an emergent 2D non-Abelian SU(2) gauge interaction in real space, enabling us to obtain the first scheme for realizing synthetic non-Abelian gauge field for classical waves. Contrary to intuition, we show that a more exotic general SU(2) gauge framework can manifest in 2D optical dynamics, provided the restriction on the material parameters employed in refs. ^[@CR27]--[@CR30]^ is relaxed. Our platform presents broader applicability and allows the study of novel optical phenomena not found in Abelian synthetic gauge field systems. We illustrate our idea with two examples. The first example is the Zitterbewegung (ZB) of light in homogeneous non-Abelian media, which refers to the trembling motion of wave packets^[@CR37]^. ZB has been realized in systems possessing Dirac dispersion^[@CR38]--[@CR43]^, but we will see that ZB of light can arise from a distinctly different mechanism: emergent non-Abelian Lorentz force. In the second example, we propose for the first time a concrete design of a genuine non-Abelian Aharonov--Bohm (AB) system^[@CR44]^ using two synthetic non-Abelian vortices, and reveal that the noncommutativity of winding around the two vortices gives rise to nontrivial interference results. In particular, we show that there exists a series of fixed points in the interference fringes invariant under gauge transformation, from which we can obtain the Wilson loops of the closed path concatenated by the two interfering optical paths. As evidenced by the examples, our scheme offers a fresh angle to understand the dynamic effects of light in anisotropic media, and also suggests an optical approach to probe new physics accompanied by SU(2) gauge fields.

Results {#Sec2}
=======

Non-Abelian gauge fields acting on light {#Sec3}
----------------------------------------

Our scheme focuses on 2D propagating optical waves in nondissipative anisotropic media characterized by the permittivity and permeability tensors:
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In addition, it is worth comparing the present idea of non-Abelian gauge field optics (NAGFO) with the transformation optics (TO)^[@CR46]--[@CR50]^. When TO is applied to design invisibility cloaks, it results in anisotropic media whose permittivity and permeability are real and equal $\documentclass[12pt]{minimal}
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Zitterbewegung of optical beams {#Sec4}
-------------------------------

The wave packet dynamics in homogeneous media can give the most straightforward effect distinguishing the non-Abelian media from the Abelian type. The effective Abelian electric and magnetic fields vanish in homogeneous media^[@CR27]^, whereas the non-Abelian fields persist due to the noncommutativity of $\documentclass[12pt]{minimal}
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In terms of Eqs. ([8](#Equ8){ref-type=""}--[10](#Equ10){ref-type=""}), we arrive at the Newton-type equation of motion where a virtual non-Abelian Lorentz force^[@CR10],[@CR45]^ associated with the non-Abelian fields emerges$$\documentclass[12pt]{minimal}
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The integration of either the canonical equations or Eq. ([11](#Equ11){ref-type=""}) yields the intensity centroid trajectory of the beam$$\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \widehat {\mathbf{r}}\rangle _0 = 0$$\end{document}$. The first line of the equation refers to a straight path, while the second line shows that the beam oscillates around the equilibrium path periodically. As a result, the emergent non-Abelian Lorentz force may lead to wavy trajectories for optical beams propagating in the non-Abelian media. This phenomenon resembles the ZB effect of Dirac particles^[@CR37]^. According to Eq. ([12](#Equ12){ref-type=""}), the trembling motion of light depends not only on the non-Abelian gauge fields but also on the initial spin $\documentclass[12pt]{minimal}
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                \begin{document}$$\vec \Omega ({\mathbf{k}})$$\end{document}$, the trembling term in Eq. ([12](#Equ12){ref-type=""}) will vanish. This implies the present ZB effect stems from the interference of the two quasi-degenerate eigenmodes just as electronic ZB is caused by the superposition of positive and negative energy components (see Supplementary Note [3](#MOESM1){ref-type="media"}).

In recent years, ZB has been investigated for spin--orbit coupled atoms^[@CR38],[@CR39]^ and photons^[@CR40]--[@CR43]^. However, unlike most schemes of ZB for light realized in periodic systems^[@CR40]--[@CR42]^, our result shows that light can travel along curved paths even if the background medium is homogeneous. At first glance, this counterintuitive curved trajectory seems to violate the momentum conservation in translation invariant systems. However, it is well known that the kinetic momentum associated with centroid movement can be different from the canonical momentum for a particle traveling in a background vector potential. This conclusion is also valid for our situation. As shown in Eqs. ([8](#Equ8){ref-type=""}) and ([9](#Equ9){ref-type=""}), the semiclassical canonical momentum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle \widehat {\mathbf{p}}\rangle$$\end{document}$ is always conserved in homogeneous media, while the kinetic momentum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\langle \widehat {\mathbf{v}}\rangle$$\end{document}$ deviates from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle \widehat {\mathbf{p}}\rangle$$\end{document}$ and can change along the path by virtue of the synthetic non-Abelian potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat {\cal{A}}}$$\end{document}$. A more rigorous analysis shows that the conserved quantity protected by space translational symmetry in generic non-Abelian media is the time-averaged Minkowski-type momentum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\int} {\mathrm{{d}}}^3x\,{\mathrm{Re}}\left( {{\mathbf{D}}^ \ast \times {\mathbf{B}}} \right)$$\end{document}$, while the centroid motion corresponds to the Abraham-type momentum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\int} {\mathrm{{d}}}^3x\,{\mathrm{Re}}\left( {{\mathbf{E}}^ \ast \times {\mathbf{H}}} \right)/c^2$$\end{document}$.

Example I: ZB induced by non-Abelian magnetic field {#Sec5}
---------------------------------------------------

According to the theory, the ZB effect for monochromatic beams can be generated by either non-Abelian magnetic fields or non-Abelian electric fields. In Fig. [1a--e](#Fig1){ref-type="fig"}, we first show an example of ZB induced solely by a non-Abelian magnetic field. To realize nonzero $\documentclass[12pt]{minimal}
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We have performed the full-wave simulation of a Gaussian beam propagating in this medium using COMSOL Multiphysics. The beam is emitted along *x*-direction and the angle between its initial spin and $\documentclass[12pt]{minimal}
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Example II: ZB induced by non-Abelian electric field {#Sec6}
----------------------------------------------------

In the previous example, the non-Abelian medium contains both gyroelectric and gyromagnetic components. In fact, the synthetic non-Abelian gauge fields as well as ZB can be simply realized with reciprocal media without gyrotropy. Here, we elaborate on synthesizing non-Abelian electric field with a biaxial non-magnetic material and the ZB effect in it.
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In principle, the ZB effect induced by non-Abelian electric field can be observed in any natural and artificial biaxial non-magnetic materials. Here, we designed a simple metamaterial structure with the unit cell shown in Fig. [2a](#Fig2){ref-type="fig"} for realizing ZB in microwave regime. The copper strips on printed circuit board (PCB) layers support strong and anisotropic electric dipole resonances along principal axes labeled as 1, 2. Consequently, all the three principal values $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat {\cal{E}} = 0$$\end{document}$, and the beam splits into two branches^[@CR30]^. We have also analyzed the finite width effect of the beam in the *z*-direction, and the analysis demonstrates that the 2D theory works well in the region where the two eigenmodes do not split away along the *z*-axis (see Supplementary Note [4](#MOESM1){ref-type="media"}).Fig. 2Design of a biaxial metamaterial. **a** Unit cell of the simple cubic structure with lattice constants *d* = 5 mm, where a FR4 PCB slab (light blue) with thickness 0.2 mm and relative permittivity $\documentclass[12pt]{minimal}
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Non-Abelian Aharonov--Bohm system for light {#Sec7}
-------------------------------------------

ZB discussed in the previous section can be viewed as the interference between two eigenmodes, each of which evolves with Abelian dynamics. In this sense, ZB is an apparent non-Abelian effect. Next, we will introduce the genuine non-Abelian AB effect, which cannot be reduced to Abelian subsystems.

The AB effect covers a group of phenomena associated with the path-dependent phase factors for particles traveling in a field-free region, but with irremovable gauge potential $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat {\cal{A}}}_\mu$$\end{document}$, the discovery of which confirmed the physical reality of gauge potentials and the nonlocality of gauge interactions^[@CR56],[@CR57]^. The AB effect was first generalized to non-Abelian by Wu and Yang^[@CR32]^, who showed that the scattering of nucleons (isospinors) around a non-Abelian flux tube (vortex) can generate peculiar phenomena. However, their governing Hamiltonian can be globally diagonalized into two decoupled Abelian subsystems under a proper gauge^[@CR58]^, and all relevant phenomena can be interpreted from the superposition of the two subsystems. Hence, Wu and Yang's proposal is now viewed as an apparent non-Abelian effect^[@CR10],[@CR44]^. According to a rigorous definition^[@CR44]^, a genuine non-Abelian AB system requires its holonomy group $\documentclass[12pt]{minimal}
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In order to realize the vector potential shown in Fig. [3a](#Fig3){ref-type="fig"}, the background media are set up as $\documentclass[12pt]{minimal}
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Non-Abelian AB interference {#Sec8}
---------------------------

Consider two coherent light beams with the same initial spin $\documentclass[12pt]{minimal}
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In the presence of the two non-Abelian vortices of $\documentclass[12pt]{minimal}
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We have performed a full-wave simulation of this non-Abelian AB interference as shown in Fig. [3e](#Fig3){ref-type="fig"}. In the simulation, the envelope $\documentclass[12pt]{minimal}
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Measurement of Wilson loops {#Sec9}
---------------------------

In Abelian AB systems, the AB phase factor (holonomy) of a closed loop only depends on the flux inside the loop but independent of the choice of gauge. However, in non-Abelian systems, the holonomy $\documentclass[12pt]{minimal}
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In what follows, we show how to extract the Wilson loop of an arbitrary closed path via interferometry.

In order to obtain the Wilson loop of a homotopy class \[*c*\] in a non-Abelian AB system, we consider the interference of two beams along any two paths *γ*~1~ and *γ*~2~ as long as $\documentclass[12pt]{minimal}
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Using the above method, we examine the two optical paths $\documentclass[12pt]{minimal}
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Discussion {#Sec10}
==========

We have shown that the dynamics of 2D optical waves in a broad class of anisotropic media can be understood through an emergent SU(2) gauge interaction in real space. We predicted that the Zitterbewegung effect of light can be realized even in homogeneous anisotropic media, and we proposed a biaxial metamaterial to achieve synthetic non-Abelian electric field and ZB in microwave regime. We have also designed a genuine non-Abelian AB system with two synthetic non-Abelian vortices, and suggested a spin density interferometry to demonstrate the noncommutative feature of non-Abelian holonomies. Our scheme opens the door to the colorful non-Abelian world for light. In addition to inspiring new ideas to manipulate the flow and polarization of light, the scheme offers an optical platform to study physical effects relevant to SU(2) gauge fields, such as synthetic spin--orbit coupling^[@CR59]^ and topological band structures in periodic non-Abelian gauge fields^[@CR60]--[@CR63]^. Furthermore, since the SU(2) gauge field description is valid for photons down to quantum scale, this approach might be applicable to the design of geometric gates for realizing non-Abelian holonomic quantum computation^[@CR64],[@CR65]^ with photons.

Methods {#Sec11}
=======

Notations {#Sec12}
---------

In this paper, vectors in real space and in pseudo-spin space are indicated, respectively, by bold letters and letters with an overhead arrow "→". Letters with an overhead bidirectional arrow "↔" denote two-order tensors in real space. Symbols with an overhead hat "∧" denote operators acting on the spinor wave functions. We use Greek letters, e.g. $\documentclass[12pt]{minimal}
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SU(2) gauge covariance of 2D Maxwell equations {#Sec13}
----------------------------------------------

In block-diagonalized duality symmetric media, $\documentclass[12pt]{minimal}
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Hence, the 2D Maxwell equations are invariant under this SU(2) transformation. As the EM duality transformation $\documentclass[12pt]{minimal}
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Quasi-degenerate approximation for ZB {#Sec14}
-------------------------------------

Eq. ([2](#Equ2){ref-type=""}) is essentially the stationary wave equation describing spin-1/2 particles coupling to the background SU(2) gauge fields without any approximation. However, the semiclassical trajectories of non-degenerate eigenmodes often split away from each other. To manifest the coupling effects of different eigenmodes in the geometric optics, the media of concern are usually assumed to be weakly anisotropic^[@CR14]^. Nevertheless, if the eigenmodes are approximately degenerate in a particular direction of wave vector but not necessarily in all directions, it turns out that an intact wave composed of modes in the vicinity of the quasi-degenerate direction can be described adequately by the semiclassical approach including the interaction between eigenmodes in their interfering region^[@CR66]^.

In homogeneous non-Abelian media, we separate the effective Hamiltonian into two parts:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\hat H({\mathbf{k}}) = \underbrace {\left[ {\frac{1}{{2m}}\left( {{\mathbf{k}}^2 + ({{\hat {\cal{A}}}})^2} \right) + V_0} \right]\hat \sigma _0}_{\hat H_0({\mathbf{k}})} + \underbrace {\left( {\frac{{ - 1}}{m}{\mathbf{k}} \cdot {{\hat {\cal{A}}}} - {{\hat {\cal{A}}}}_0} \right)}_{\delta \hat H({\mathbf{k}}) = \vec \Omega \cdot \vec {\hat \sigma } /2}.$$\end{document}$$
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By adopting the ansatz that the velocity operator $\documentclass[12pt]{minimal}
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Consequently, Eqs. ([8](#Equ8){ref-type=""}-[10](#Equ10){ref-type=""}) can be directly obtained in terms of Ehrenfest theorem.

Relation between Poynting vector and velocity operator {#Sec15}
------------------------------------------------------

The in-plane projection of the time-averaged Poynting vector $\documentclass[12pt]{minimal}
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Substituting Maxwell's equations into Eq. ([42](#Equ42){ref-type=""}) yields$$\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat {\mathbf{p}}$$\end{document}$ with **k** according to the eikonal approximation. As a result, the total in-plane energy flux over a transverse cross section of the optical beam is propotional to the expectation value of the velocity operator:$$\documentclass[12pt]{minimal}
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And it shows that the time-averaged Poynting vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline {\mathbf{S}} _T$$\end{document}$ is invariant under the gauge transformation Eq. ([30](#Equ30){ref-type=""}) for EM fields (Supplementary Note [2](#MOESM1){ref-type="media"}).

Holonomy and genuine non-Abelian AB system {#Sec16}
------------------------------------------

From a geometric viewpoint, gauge potential and field in the physical space *M* can be described as the connection and curvature in a *G*-principle fiber bundle^[@CR32]^, where the physical space serves as the base manifold, and *G* denotes the gauge group, in our case $\documentclass[12pt]{minimal}
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                \begin{document}$$G = {\mathrm{SU}}(2)$$\end{document}$. Consider a particle (wave packet) travels in the physical space. Along its trajectory *γ*, the gauge potential engenders a matrix-valued geometric phase factor $\documentclass[12pt]{minimal}
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                \begin{document}$${\cal{P}}$$\end{document}$ denotes path-ordering) on the state vector, corresponding to the parallel transport of the state in the bundle space. In particular, for a closed path *c* starting and ending at the same point $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat {\cal{A}}}$$\end{document}$. The collection of the holonomies corresponding to all those closed paths based at the same point **x**~0~ forms a subgroup of the gauge group *G*:$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat {\cal{A}}}$$\end{document}$. In the literature, a gauge system is regarded as genuinely non-Abelian if and only if the holonomy group is a non-Abelian group, namely the holonomies of some loops are noncommutable with each other^[@CR10],[@CR44]^. If the base manifold is simply a Euclidean space, the noncommutativity of holonomies can be traced back to noncommutable gauge fields $\documentclass[12pt]{minimal}
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                \begin{document}$$[\hat {\cal{F}}_{\mu \nu },\hat {\cal{F}}_{\mu^{\prime}\nu^{\prime}}] \ne 0$$\end{document}$. However, if the base manifold possesses nontrivial topology, noncommutative holonomies can be achieved even though the gauge field vanishes everywhere (i.e. AB systems).

For an AB system, the corresponding fiber bundle is a flat bundle, since the curvature (field) $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat {\cal{F}}_{\mu \nu } = 0$$\end{document}$ in the whole base manifold *M* (flux regions are excluded from *M*). Here, the topology of the base manifold is characterized by its first fundamental group,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _1(M) = \{ [c]{\kern 1pt} |{\kern 1pt} c(0) = c(1) = {\mathbf{x}}_0\} ,$$\end{document}$$which is the set of path homotopy equivalent classes \[*c*\] of closed paths based at **x**~0~. Path homotopy is a topologically equivalent relation "$\documentclass[12pt]{minimal}
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                \begin{document}$$\simeq$$\end{document}$" for paths. If two paths *c*~1~, *c*~1~ with the same fixed base-point **x**~0~ can deform into each other continuously, they are said to be path homotopic $\documentclass[12pt]{minimal}
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                \begin{document}$$c_1 \simeq c_2$$\end{document}$ and to belong to the same homotopy class \[*c*~1~\]. In flat bundles, the holonomies (AB phase factors) of all loops in the same homotopy class \[*c*\] are identical: $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat {\cal{U}}_{[c]}$$\end{document}$ (see proof in Supplementary Note [5](#MOESM1){ref-type="media"}). Based on this property, two necessary conditions for genuine non-Abelian AB systems can be obtained^[@CR44]^:The gauge group *G* is non-Abelian;The first fundamental group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _1(M)$$\end{document}$ is non-Abelian.

According to the second criterion, the Wu--Yang AB system is not genuinely non-Abelian, because the fundamental group of its base manifold (a punctured plane $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _1({\Bbb R}^2 - {\mathbf{0}}) = {\Bbb Z}$$\end{document}$. However, for a twice-punctured plane as shown in Fig. [3a](#Fig3){ref-type="fig"}, its fundamental group is the free group on two generators, $\documentclass[12pt]{minimal}
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                \begin{document}$${\Bbb Z} \ast {\Bbb Z}$$\end{document}$ (where \* denotes a free product), which is non-Abelian^[@CR67]^. Therefore, a twice-punctured plane is a qualified prototype of a genuine non-Abelian AB system.

Gauge fixed points {#Sec17}
------------------

The derivation of the intensity interference given by Eq. ([25](#Equ25){ref-type=""}) is in fact valid for two arbitrary interfering beams *γ*~1~, *γ*~1~ with the same initial spin $\documentclass[12pt]{minimal}
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                \begin{document}$$|\psi |^2 = 2a(y)[1 + {\mathrm{Re}}({\mathrm{e}}^{{\mathrm{i\Delta }}\theta (y)}\langle s_0|{\kern 1pt} \hat {\cal{U}}_{[c]}{\kern 1pt} |s_0\rangle )]$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat {\cal{U}}_{[c]}$$\end{document}$ is the holonomy of the closed path $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat {\cal{U}}_{[c]} \in {\mathrm{SU}}(2)$$\end{document}$, it can be generically expressed as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\hat {\cal{U}}_{[c]} = \left( {\begin{array}{*{20}{c}} {u_1} & {u_2} \\ { - u_2^ \ast } & {u_1^ \ast } \end{array}} \right),\quad {\mathrm{with}}\quad |u_1|^2 + |u_2|^2 = 1.$$\end{document}$$
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                \begin{document}$$W(c) = {\mathrm{Tr}}\,\hat {\cal{U}}_{[c]} = 2\,{\mathrm{Re}}\,(u_1).$$\end{document}$ For an arbitrary spinor state $\documentclass[12pt]{minimal}
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Therefore, the identity in Eq. ([27](#Equ27){ref-type=""}) is established for any $\documentclass[12pt]{minimal}
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                \begin{document}$$|s_0\rangle$$\end{document}$.

In fact, different incident spinors can interconvert through a global gauge transformation: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|s^{\prime}_0\rangle = \hat U|s_0\rangle$$\end{document}$. Hence, the relation in Eq. ([27](#Equ27){ref-type=""}) is straightforward$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{*{20}{l}} {2{\kern 1pt} {\mathrm{Re}}\langle s^{\prime}_0|{\kern 1pt} \hat {\cal{U}}_{[c]}{\kern 1pt} |s^{\prime}_0\rangle } \hfill & = \hfill & {2{\kern 1pt} {\mathrm{Re}}{\kern 1pt} \langle s_0|{\kern 1pt} \hat U^{ - 1}\hat {\cal{U}}_{[c]}\hat U{\kern 1pt} |s_0\rangle } \hfill \\ {} \hfill & = \hfill & {{\mathrm{Tr}}\left( {\hat U^{ - 1}\hat {\cal{U}}_{[c]}\hat U} \right) \equiv W(c).} \hfill \end{array}$$\end{document}$$

As a result, at the positions such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta \theta (y_n) = n\pi$$\end{document}$, i.e. at the crests and troughs of the original interference fringes when $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat {\cal{A}}} = 0$$\end{document}$, the intensities given in Eq. ([28](#Equ28){ref-type=""}) are fixed for arbitrary incident spins, yet they are only determined by the Wilson loop *W*(*c*), provided that the dynamic phases of *γ*~1~, *γ*~2~ are unchanged.

For the two optical path $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _{\mathrm{I}}$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma _{{\mathrm{II}}}$$\end{document}$ in Fig. [3](#Fig3){ref-type="fig"}, the Wilson loop of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{sin}}^2{\mathrm{\Phi }}_1{\mathrm{sin}}^2{\mathrm{\Phi }}_2 = 1/2$$\end{document}$, *W*(*c*~0~) will be reduced to zero, and the two dashed curves in Fig. [4](#Fig4){ref-type="fig"} will completely overlap (see Supplementary Note [7](#MOESM1){ref-type="media"} for details).

Simulation of non-Abelian AB interference {#Sec18}
-----------------------------------------

The full-wave results of the non-Abelian AB interference shown in Figs. [3](#Fig3){ref-type="fig"} and [4](#Fig4){ref-type="fig"} are simulated using the commercial software COMSOL Multiphysics. In order to avoid spin--flip after reflection, the mirrors shown in Fig. [3a, e](#Fig3){ref-type="fig"} are made of an impedance-matched material, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon _m/\mu _m = 1$$\end{document}$, with a lower refractive index than the surrounding media to achieve total reflection at their surfaces. Meanwhile, the two mirrors on the right-hand side in Fig. [3e](#Fig3){ref-type="fig"} are slightly concave, so that the reflected beams with reduced widths can bypass the two singularities.
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